In this paper, within the complete form of Mindlin's second strain gradient theory, the elastic field of an isolated spherical inclusion embedded in an infinitely extended homogeneous isotropic medium due to a non-uniform distribution of eigenfields is determined. These eigenfields, in addition to eigenstrain, comprise eigen double and eigen triple strains. After the derivation of a closed-form expression for Green's function associated with the problem, two different cases of non-uniform distribution of the eigenfields are considered as follows: (i) radial distribution, i.e. the distributions of the eigenfields are functions of only the radial distance of points from the centre of inclusion, and (ii) polynomial distribution, i.e. the distributions of the eigenfields are polynomial functions in the Cartesian coordinates of points. While the obtained solution for the elastic field of the latter case takes the form of an infinite series, the solution to the former case is represented in a closed form. Moreover, Eshelby's tensors associated with the two mentioned cases are obtained.
Introduction
Among the important problems widely addressed in micromechanics is the determination of the elastic state of inclusions. Inclusion is, by definition, referred to as a finite subdomain of a body that undergoes a distribution of eigenstrain. The solution to such a problem should, in fact, be recognized as a cornerstone for the analysis of the macroscopic behaviour of heterogeneous materials. Eshelby in his celebrated papers [1, 2] the Eshelby's tensors associated with the microelongated elastic field of a spherical inclusion. In the framework of couple stress theory, Zheng & Zhao [39] considered a spherical inclusion embedded in an isotropic medium and derived expressions for the pertinent Eshelby's tensors of the problem. Zhang & Sharma [40] , by postulating a simplified form of second strain gradient elasticity with couple stresses, extended Eshelby's classical formulation for inclusions and inhomogeneities. Gao & Ma [41] [42] [43] , in the framework of a simplified first strain gradient elasticity, dealt with Eshelby's problems of isolated spherical, ellipsoidal and cylindrical inclusions embedded in an infinite isotropic medium. By exploiting the same simplified theory, Gao & Ma in other works [44, 45] also derived solutions to Eshelby's problems of isolated spherical and cylindrical inclusions in a finite body.
It should be noted that all of the aforementioned studies that are concerned with the higherorder elastic fields of inclusions have been focused on the case of uniform distribution of eigenstrain and other associated eigenfields. It has been proved that, within the framework of the higher-order theories, if a uniform distribution of eigenstrain is prescribed in an ellipsoidal inclusion, then the disturbance strain at the interior points of the inclusion will not be uniform [32, 40, 41] or, in other words, Eshelby's uniformity property ceases to be valid. As a result, if it is intended to establish an equivalent inclusion method peculiar to such theories for characterizing the mechanical behaviour of heterogeneous materials, a non-uniform distribution of homogenizing eigenstrain and other associated eigenfields should be incorporated into the formulation of the problem.
Additionally, it should be emphasized that none of the above-mentioned studies has been based on the complete form of second strain gradient elasticity that had originally been developed by Mindlin [30] . The importance of Mindlin's theory here refers, in particular, to its capability of accounting for size effects. In this regard, it should be highlighted that a size effect may stem from two main reasons related to the discrete nature of matters: (i) the surface effect and (ii) the non-locality of interactions [46, 47] . The first reason arises from the fact that, by decreasing dimensions of a specimen, its surface-to-volume ratio increases. Therefore, at low scales, the surface/interface energy effects become significant and such effects should be considered in the constitutive description of materials. The second reason, namely, the non-locality of interactions, is mainly attributed to the fact that the force field of an atom can be under the influence of non-neighbour atoms. Such an influence under certain circumstances may have a significant contribution to the force fields of atoms, for instance, when fluctuations in the interatomic forces are high or the role of long-ranged interactions are not negligible. From the continuum point of view, the non-locality refers to a situation in which the stress developed at a point of a body is a function of the strain of all points thereof. Such an effect manifests itself, in particular, in case of high gradients of strain.
To clarify how Mindlin's theory can capture, at least to some extent, size effects, it should be stated that, on the one hand, the potential energy density function proposed by this theory includes a term peculiar to the surface-tension energy, through which surface/interface effects can be effectively captured in a wide range of problems. On the other hand, Mindlin in his paper on this theory [30] , by exemplifying a one-dimensional lattice of interacting particles, illustrated that his theory provides a constitutive description corresponding to a lattice model in which the forces between any particle and its first, second and third neighbours all are included. The latter sheds light on the fact that this theory is also appropriate for capturing the non-locality effects. In essence, strain gradient theories of elasticity are categorized as a subset of non-local elasticity. The foregoing features altogether portray Mindlin's theory as an effective continuum approach for taking into account size effects, appropriate for describing the physics and mechanics of many micro/nano-scale phenomena [48] .
Furthermore, it is interesting to note that, in particular due to the presence of the coupling terms of the components of the strain tensor and its second gradient in the potential energy density function of Mindlin's theory, the size effect on the apparent elastic properties of nanoobjects can be well described by this theory. In a recent paper by Cordero et al. [48] , such an effect in some instances of nano-objects, including nano-beams and nano-films, has been addressed and discussed. Notwithstanding all of the aforementioned features, the cumbersome formulation in conjunction with the difficulty of the determination of numerous components of the additional elastic moduli tensors of this theory has always been the main obstacle in the way of its application to various problems.
The present study is aimed to employ Mindlin's second strain gradient theory for the determination of the elastic state of an isolated spherical inclusion subjected to non-uniform distributions of eigenstrain and other associated eigenfields. Two different cases of the distribution of the eigenfields will be treated in this paper: (i) radial distribution, i.e. the eigenfields are functions of only the radial distance of points from the centre of inclusion and (ii) polynomial distribution, i.e. the eigenfields are polynomial functions in the Cartesian coordinates of points. This paper has been organized as follows. After a brief review on the fundamentals of Mindlin's theory in §2, a closed-form expression for the associated Green function will be derived in §3. The solutions to the two mentioned cases of the distribution of the eigenfields accompanied by the corresponding Eshelby tensors will be presented in §4. Finally, in §5 of the paper, some examples will be solved and discussed in detail.
A brief review on Mindlin's second strain gradient theory
In the context of Mindlin's second strain gradient theory of elasticity [30] , the potential energy density W of an elastic body is considered to be a function of the components of the strain tensor as well as its first and second gradients as follows:
where ij , ijk and ijkl denote, respectively, the components of the strain, double strain and triple strain tensors, which are related to the displacement component u i via
where
, H ijklmnpq and B ijkl are the elastic moduli tensors whose components for an isotropic material are given below.
and
in which λ and μ are Lamé constants and a n 's, b n 's and c n 's are additional elastic constants. It should be noted that the constants a n 's are those appearing also in first strain gradient elasticity [29] , whereas the other constants b n 's and c n 's are the elastic constants peculiar to second strain gradient elasticity. Furthermore, 
Now, by using equations (2.2)-(2.4), the equilibrium equation (2.5) is expressible as
where ∇ 2 is the Laplace operator and αβ 's are the characteristic lengths of the constituent material, which are connected to its elastic constants via
It is seen that four characteristic lengths are involved in the formalism of Mindlin's second strain gradient theory. A survey of the literature makes it clear that one of the controversial issues in the field of strain gradient elasticity is the physical significance of characteristic lengths. According to the relatively limited number of available studies [46, 47, [49] [50] [51] , it is revealed that the characteristic lengths of crystalline solids, including covalent and metallic solids, are in the order of ångström, which can be viewed as a measure of their lattice parameters, representing the range of their interatomic forces. Even an amorphous solid such as silica has also a characteristic length about only a few ångströms [46, 47] . But polymers have higher characteristic lengths, which can be attributed to the large size of their non-homogeneous microstructures [46, 47] . Apart from these examples of solids, it can, on the other hand, be shown that, in heterogeneous/composite materials, the role of characteristic lengths is to reflect the size of their unit cells [52] .
As evident, equation (2.6) represents the displacement form of the equilibrium equation of an isotropic elastic body within second strain gradient elasticity. Towards establishing an integral representation of the solution to such an equation, the associated Green's function will be obtained in the next section. 
Green's function
The present section is dedicated to the derivation of the fundamental singular solution to the displacement field of an infinitely extended isotropic medium subjected to a concentrated body force in the context of second strain gradient elasticity. To this end, let us take the Fourier transform of equation (2.6), which yields
whereû j (ξ ) andf i (ξ ) signify the Fourier transforms of the displacement u j (x) and the body force f i (x), respectively. Moreover,
with ξ = |ξ |. Now, by solving equation (3.1) forû j (ξ ), it is obtained that
in whichĜ
By taking the inverse Fourier transform of both sides of equation (3.3) accompanied by using the convolution theorem, it can be shown that
Note that G ij (x − x ) andĜ ij (ξ ) are Green's function associated with equation (2.6) and its Fourier transform, respectively. After some mathematical manipulations, whose details have been provided in appendix A, it can be shown that the evaluation of the integral given by equation (3.6) results in the following closed-form expression for Green's function.
where ν = 1 2 λ/(λ + μ) is Poisson's ratio. It is worthwhile to mention that, by substituting 11 = 22 = and 12 = 21 = 1 into equation (3.7), the expression for Green's function associated with the simplified second strain gradient elasticity that has been proposed by Zhang et al. [53] will be recovered.
By using the expression obtained in the present section for Green's function, a solution to the elastic state of inclusions within the context of second strain gradient elasticity will be extracted in the next section.
Elastic state of inclusions
Consider an isolated inclusion occupying a subdomain Ω of an infinitely extended homogeneous isotropic elastic body. Suppose that given distributions of eigenstrain and eigen triple strain * ijkl are prescribed inside the inclusion. In view of equations (2.4), it can be realized that the following relationships between the components of the stress and strain fields at the interior points of the inclusion (for x ∈ Ω) hold true:
Now, it can be shown that the substitution of equations (4.1) into equation (2.5) along with using equations (2.2) and (2.3) as well as assuming that all external body forces are absent leads to an equilibrium equation in the form
By comparison of the above equation with equation (2.6), it is seen that the terms involving the eigenfields * ij , * ijk and * ijkl in this equation play the same role as the body force f i in equation (2.6). Thus, in view of equation (3.5), which gives the integral representation of the displacement u i in terms of the body force f j , and by making use of Gauss' theorem for the evaluation of such integral, it can be shown that the displacement u i is obtained from
Here, it is worth mentioning that another challenging and controversial issue in the field of strain gradient elasticity is the choice of a set of proper boundary conditions [54] [55] [56] . The advantage of the method of Green's function, which has been employed here, is that, without resorting to applying any certain conditions, the boundary/continuity conditions of the problem are automatically satisfied.
The other important point is that the inclusion problem delineated here, in addition to an eigenstrain, possesses distributions of eigen double and eigen triple strains. In this regard, it should be mentioned that it is, perhaps, not so easy to find an actual example of eigen double and eigen triple strains in physical phenomena, but these concepts can play an important role towards establishing an equivalent inclusion method within the framework of second strain gradient elasticity in such a manner that, by considering a proper distribution of these eigenfields as well as an eigenstrain field, it can be guaranteed that all of the stress, double stress and triple stress fields of an inhomogeneity become identical to each of their corresponding fields of the equivalent inclusion problem [57] .
In the following, the problem of an isolated spherical inclusion subjected to, in one case, a radial distribution of the eigenfields and, in another case, a polynomial distribution of the eigenfields will be addressed and the corresponding elastic fields will be determined. radial distribution of the eigenfields in such a manner that the distribution of each of them can be described by a function of the radial distance of points from the origin of coordinates in the form *
where r = |x|. By the substitution of equations (4.4) into (4.3) together with the use of equation (3.7) and after some mathematical manipulations, it can be shown that
where the expression of f st (x; h(r)) for the source function h(r) = { * ij (r), * ijk (r), * ijkl (r)} is given below
with r = |x |. Now, in order to evaluate the above integrals, let ϑ denote the angle between vectors x and x . Then, it can readily be shown that |x − x | = r 2 + r 2 − 2rr cos ϑ. Moreover, the volume element of integration can be written as dx = 2π r 2 sin ϑ dr dϑ. Accordingly, the evaluation of the integrals given in equations (4.7) leads to the following expressions for the interior points of the inclusion (for r < R). In
With the evaluation of the above integrals followed by their substitution into equation (4.6), the expression of f st (x; h(r)) for both the interior and exterior points of the inclusion will be obtained. Then, by using equation (4.5), the displacement field of the problem will also be determined. Subsequently, it can be shown that the substitution of the obtained displacement field into (2.2a) yields the following expression for the corresponding strain field: 10) in which
for h(r) = { * ij (r), * ijk (r), * ijkl (r)}. With due attention to equation (4.10), it can be stated that the functionals S stij (x; h(r)), R stijk (x; h(r)) and T stijkl (x; h(r)), in fact, play the same role as Eshelby's tensor, connecting the components of the disturbance strain to those of the eigenfields.
(b) Spherical inclusion with a polynomial distribution of the eigenfields
Consider again the spherical inclusion Ω but, in this case, subjected to a polynomial distribution of the eigenfields in such a manner that the distribution of each of them can be characterized by a polynomial function in the Cartesian coordinates of points as given below. *
in which α ij , α ijk , . . . and γ ijklm···n are constants. By substituting the above expressions into equation (4.3) along with using equation (3.7) and after some mathematical operations, it can be shown that 
According to the results of Ferrers [21] and Dyson [22] , who obtained a solution for the problem of Newtonian potential of inhomogeneous ellipsoids, the evaluation of the integrals φ ij···k (x) and ψ ij···k (x) for the spherical inclusion Ω of radius R yields 
Now, consider the spherical coordinates (r , θ , φ ), with respect to which any point x = (x 1 , x 2 , x 3 ) is specified by x 1 = r sin θ cos φ , x 2 = r sin θ sin φ and x 3 = r cos θ . Then, by using equation (4.19) , it can be shown that the integral (4.15f ) for the interior and exterior points of the inclusion takes the following forms, respectively: Having the expressions for integrals (4.15a-f ) in hand, the functions g st (x) and g stij···k (x) can be determined by equations (4. 14a) and (4.14b) , respectively. Subsequently, by the substitution of equation (4.13) into (2.2a), the following expression for the components of the disturbance strain field of the inclusion will be obtained. 22) in which S stij (x), S stijk (x), . . . and T stijklm···n (x) are Eshelby's tensors pertinent to the case under consideration here with the following expressions:
Results and discussion
In the previous section, the elastic field at the interior and exterior points of an isolated spherical inclusion undergoing a non-uniform distribution of the eigenfields for the two cases of radial and polynomial distributions was separately determined. The current section is dedicated to the presentation and discussion of the results pertinent to each of the mentioned cases. In all of the examples solved in the sequel, it is assumed that the inclusion is embedded in a matrix made of aluminium. The elastic moduli of aluminium, including the additional constants associated with second strain gradient elasticity, have been given in [53] , which is based on these assumptions, at least for such fcc metals as aluminium, may be far from the physics of the problem. The latter point reflects the advantage of the complete form of Mindlin's theory over its simplified form.
In the following, the case of radial distribution of eigenstrain and, subsequently, that of polynomial distribution of eigenstrain for a spherical inclusion in the absence of the other eigenfields will be addressed and discussed. Of course, it should be emphasized that, by using the methodology explained in §4, one can solve problems concerned with such distributions of the other eigenfields. However, for sake of the brevity, this section is dedicated only to examples of eigenstrain.
(a) Radial distribution of eigenstrain
In §4a, the closed-form solution to the disturbance strain field at the interior and exterior points of a spherical inclusion due to a radial distribution of the eigenfields was presented. Here, the results pertinent to three cases of a uniform, a linear radial and a quadratic radial distribution of eigenstrain are presented and discussed. To that end, consider case (i):
where ε • ij is a constant. In view of equation (4.10), it can be shown that, for all of these cases, the components of the disturbance strain field can be . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . [58] . c Interatomic potential-based analysis of Shodja et al. [50] . d Ab intio simulation of Ojaghnezhad & Shodja [51] .
calculated via
where S • stij (x) is the associated Eshelby's tensor. It is worthwhile to mention that, by some manipulations, it can be shown that such a tensor is decomposed into
where S • C stij (x) and S • G stij (x) are, respectively, its classical and gradient parts. [1, 59] . In addition, it can readily be shown that the variation in S • C 1111 along the x 1 -axis at the interior points of the inclusion in the presence of the linear and quadratic radial distributions of eigenstrain is described by S • C 1111 (
According to figure 1, it can be stated that, in contrast to classical elasticity, second strain gradient theory predicts that the distribution of the disturbance strain field at the interior points of a spherical inclusion which undergoes a uniform eigenstrain is not uniform. Such a finding violates Eshelby's uniformity property within the framework of second strain gradient elasticity. Figures 1 and 2 clearly show that, by increasing the inclusion size, the elastic fields predicted by second strain gradient and classical elasticity approach each other such that, for R = 50| 11 |, the curves obtained by these two theories, except in a vicinity of the boundary of inclusion, within an excellent approximation coincide with each other. Furthermore, from figures 1 and 2, it is evident that, for an inclusion having a dimension comparable to the magnitude of the characteristic lengths of its constituent material, specifically for R = | 11 |, the magnitude of the disturbance strain field predicted by second strain gradient elasticity for the interior points of the inclusion is quite smaller than the estimation of classical elasticity.
Knowing that the volume average of Eshelby's tensor is of importance in many micromechanical-based analyses of the overall behaviour of heterogeneous materials, figure In §4b, the disturbance strain field at the interior and exterior points of a spherical inclusion due to a polynomial distribution of the eigenfields was determined. Now, consider a spherical inclusion with radius R = | 11 | that undergoes a second-degree polynomial distribution of eigenstrain in the following form:
in which α • ijk and α • ijkl are constants. Therefore, with due attention to equation (4.22) , it can be written that [3] has shown that, subjected to a polynomial distribution of eigenstrain of an arbitrary degree, the distribution of the induced strain field inside an ellipsoidal inclusion will also be a polynomial function of the same degree. Now, according to the curves plotted figure 4a ,b, it can be concluded that such a property within the framework of second strain gradient elasticity does not further hold true.
Concluding remarks
This paper has been devoted to the solution of the Eshelby-type problem of a spherical inclusion within the complete form of Mindlin's second strain gradient theory. The elastic field at the interior and exterior points of an isolated spherical inclusion embedded in an infinitely extended homogeneous isotropic body subjected to a non-uniform distribution of eigenstrain, eigen double and eigen triple strains was determined. Two general cases of radial and polynomial distributions of these eigenfields were considered and the corresponding Eshelby's tensors were determined. For the case of a radial distribution, a closed-form solution was obtained, while the solution to the case of a polynomial distribution was represented in the form of an infinite series. The results of the paper demonstrate that, subjected to a uniform distribution of eigenstrain, the disturbance strain field at the interior points of the inclusion according to the prediction of second strain gradient elasticity is not uniform. More generally, it has been shown that, within the framework of this theory, if the inclusion undergoes a polynomial distribution of eigenstrain, then the distribution of its interior disturbance strain field cannot further be characterized by a polynomial function. Furthermore, the effect of the inclusion size on its elastic state was addressed and it was seen that, by decreasing the size of inclusion, the effect of strain gradients on its elastic state becomes more significant. For an inclusion having a diameter much larger than the magnitude of the characteristic lengths of its constituent material, the elastic fields predicted by second strain gradient and classical elasticity coincide with each other and, in other words, the effect of strain gradients vanishes. Competing interests. We declare we have no competing interests. Funding. The study is not funded by any agency. Acknowledgements. The authors thank A. Tehranchi in EPFL for his kind collaboration.
Appendix A
This appendix is devoted to the derivation of a closed-form expression for Green's function G ij (x − x ) whose integral representation was given by equation (3.6) . To that end, let us first introduce a system of Cartesian coordinates for the field point of the transformed space, ξ = (ξ 1 , ξ 2 , ξ 3 ), in such a manner that its third axis, ξ 3 is parallel to vector x − x . Then, define a system of spherical coordinates with respect to which any given point ξ is specified by a triad (ξ , θ, ϕ) where ξ = |ξ | is the radial distance of that point from the origin of the transformed space, θ is the polar angle measured from the ξ 3 -axis and ϕ is the azimuth angle of the normal projection of that point onto the ξ 1 ξ 2 -plane measured from the ξ 1 -axis. In terms of these coordinates, the volume element of integration, dξ is equal to ξ 2 sin θ dξ dθ dϕ and, moreover, it can be written that ξ ·(x − x ) = ξ |x − x | cos θ. Accordingly, by substitutingĜ ij (ξ ) from equation (3.4) into (3.6) in conjunction with using equation (3.2) , the integral form of Green's function can be represented in terms of the spherical coordinates (ξ , θ , ϕ) as It should be noted that, in the context of second strain gradient elasticity, the characteristic lengths of materials, αβ 's are, in general, complex variables [30] . In this regard, the notable point here is that, in the evaluation of the above integrals, without loss of generality, it has been assumed that the real parts of αβ 's are positive values. Now, by using equation (A 2) and the following identity [60] :
it can be shown that the expression given by equation (3.7) will be obtained for Green's function.
